Abstract -This paper deals with the computation of the eigenvalues of non self-adjoint Sturm-Liouville problems with parameter dependent boundary conditions using the regularized sampling method.
Introduction
Non self-adjoint eigenvalue problems arise, as is well known, in hydrodynamic and magnetohydrodynamic stability [9, 8, 11, 17] while self-adjoint problems arise mostly in quantum mechanics [13] . The lack of oscillation theorems in the non self-adjoint case makes any computation of the spectrum a very difficult task [10] . In fact, the eigenvalues are scattered over the complex plane and we need first to determine the regions which contain them. A method that finds the eigenvalues in a rectangle and in a left half plane has been introduced in [15] . It is based on the argument principle with compound matrix method using Magnus expansion. In [4] the authors report on a method that provides bounds for the eigenvalues of singular Sturm-Liouville problems over [0, ∞) with a complex potential. The method consists in obtaining first a floating point approximation to the desired eigenvalue by truncating the infinite interval then use interval arithmetic to localize the eigenvalue. In [1] , the author uses the sampling method introduced in [2] to compute the eigenvalues of non self-adjoint Sturm-Liouville problems.
For the mathematical foundation one may consult [12, 18, 13] . On the numerical side [19, 16] summarize most of the available software dealing with the computation of the eigenvalues of Sturm-Liouville problems.
In [5] , this author introduced the regularized sampling method ; a method which is based on Shannon's sampling theory but applied to regularized functions. Hence avoiding any (multiple) integration and keeping the number of terms in the Cardinal series manageable. It has been demonstrated that the method is capable of delivering higher order estimates of the eigenvalues at a very low cost. The purpose in this paper is to extend the domain of application of this method to the problem at hand.
Main results
Consider the following non self-adjoint Sturm-Liouville problem with non-separated parameter dependent boundary conditions,
where the matrix
has rank 2, and q is a complex-valued function satisfying q ∈ L 1 loc (0, 1). We shall not make any assumption on the analyticity of A nor on the growth of its components.
The purpose in this paper is to compute the eigenvalues of (2.1) with the minimum of effort and a greater precision using the newly introduced regularized sampling method [5] , an improvement on the method based on sampling theory introduced in [2] . We note here that the analyticity of A and the conditions on the growth of its components imposed in [5] are not necessary for the computation of the eigenvalues as shall be seen in the sequel. In fact all what is needed is the recovery of certain entire functions h kl associated with some base problems defined below.
It is well known that the spectrum is discrete and scattered over the complex plane which makes difficult its computation. Also, there is no result about the distribution nor the multiplicity of the eigenvalues.
Let y c (x, µ) and y s (x, µ), be the solutions of the base problems
respectively. Then the general solution of the differential equation in (2.1) and its derivative are
The boundary condition gives after separating c 1 and c 2 ,
where
Thus, a necessary and sufficient condition for λ = µ 2 to be an eigenvalue is that µ satisfies the characteristic equation B(µ) = 0, where B is the characteristic function B(µ) = det (Aw 1 |Aw 2 ) = det[A (w 1 |w 2 )], that is,
We shall need the following well known results, Lemma 2.1 [7] sin z/z and cos z are entire as functions of z and satisfy the estimates |sin z/z| ≤ β 0 e |Im z| /(1 + |z|) and |cos z| ≤ e |Im z| where β 0 = 1.72.
Using the above lemma one can show the following result to hold. 
for some positive constant β 1 .
In [7] and [6] we have obtained much higher estimates of the eigenvalues than those presented in Theorem 2.2 above, at the expense of subtracting terms involving multiple integrals. Here and as in [5] , we shall stick with the estimates given in Theorem 2.2, avoiding any (multiple) integration. We shall show by the same token that we can get a higher order estimate of the eigenvalues of the problem at hand at a very low cost. In fact we do not have even to keep on increasing the number of sampling points.
Let P W σ denote the Paley-Wiener space [20] Proof: That h kl are entire and satisfy the given estimates is a direct consequence of Theorem 2.2 and the fact that sin θµ θµ is an entire function of µ and satisfy the estimate in Lemma 2.1♦ Since the h kl (µ) belong to the Paley-Wiener space P W σ for each k, l = 1, 2, they can be recovered from their values at the points µ j = j π σ , j ∈ Z, using the following celebrated theorem,
The series converges absolutely and uniformly on compact subsets of C and in
For all practical purposes, we consider finite summations, therefore we need to approximate h kl by a truncated series h [N ] kl . The following lemma gives an estimate for the truncation error.
Lemma 2.5 (Truncation error)
denote the truncation of h kl (µ). Then, for |µ| < N π/σ,
Proof: [20] , Theorem 3.21, p.90) is applicable and yields the given estimate for the h kl , k, l = 1, 2♦ An approximation B N to the characteristic function B is provided by replacing the h kl by its approximation h
kl , and we obtain at once, Lemma 2.6 The approximate characteristic function B N satisfies the estimate,
for some positive constant β 4 .
We claim the following, Theorem 2.7 Let µ 2 be an exact eigenvalue of B of multiplicity n and denote by µ 2 N the corresponding approximation of a square of a zero of B N . Then, for |µ N | < N π/σ, we have,
where the inf is taken over a ball centered at µ N with radius |µ N − µ| and not containing a multiple of π/θ.
Proof Since µ is a zero of B with multiplicity n, then
for some µ. Thus,
where the inf is taken over a ball centered at µ N with radius |µ N − µ| and not containing a multiple of π/θ. Thus, the result♦
Numerical examples
In this section, we shall present a few examples to illustrate our method. We have taken θ = 1/(N − m) in order to avoid the first singularity of
. The sampling values were obtained using the Fehlberg 4-5 order RungeKutta method. The first two problems are taken from [4] in which the authors use interval arithmetic to localize the eigenvalues of singular Sturm-Liouville problems with complex potentials. The third problem, taken from [1] , shows that the regularized sampling method provides much better results than the sampling method without regularization. The last example demonstrates that our method can estimate the eigenvalues with a great precision even in situation where other methods might introduce spurious eigenvalues and/or miss some of them. We shall mention however that we shall not make use of the error estimate given above for the time being. The method consists first in the recovery of the entire functions h kl with great precision, then use the boundary conditions to determine the characteristic function. The zeros of this characteristic function are the square roots of the sought eigenvalues. We shall denote ι = √ −1. We shall use interval truncation and compute the eigenvalues of
and as in [4] we shall take γ = 10. The second boundary condition has been obtained by considering the Jost solution y = e ιµx and its derivative y ′ = ιµe ιµx , thus, y ′ (γ) = ιµ y(γ). In [4] We shall use interval truncation and compute the eigenvalues of
and as in [4] we shall take γ = 10. In [4] 
The exact eigenvalues of the original problem are λ k = k 2 + 3 − 2 ι, k = 1, 2, .... Taking N = 40 and m = 10, we obtained the results summarized in Table 3 Example 3.4 Consider now the following non self-adjoint Sturm-Liouville problem with complex potential and parameter dependent boundary condition,
Here again we are in a position to derive the exact characteristic function which in fact can be expressed in terms of Bessel functions. Indeed, let λ = µ 2 and consider the change of variables t = e ιx . The differential equation becomes the Bessel equation of order µ given by
where J µ and J −µ are the Bessel functions of the first kind of order µ.
Returning to the original variables, we obtain
Taking into account the boundary conditions, we obtain the homogeneous system in c 1 and c 2
In order to have a nontrivial solution, a necessary and sufficient condition is to have B exact (µ) = 0 where we obtain
Taking N = 40, and m = 10 we obtained the results summarized in Table 4 . 
Conclusion
In this paper, we have used the regularized sampling method introduced recently [5] to compute the eigenvalues of non self-adjoint Sturm-Liouville problems with nonseparable parameter dependent boundary conditions. We recall that this method constitutes an improvement upon the method based on Shannon's sampling theory introduced in [2] since it uses a regularization avoiding any multiple integration. The method allows us to get higher order estimates of the eigenvalues at a very low cost. We have presented a few examples, including singular ones, to illustrate the method and compared the computed eigenvalues with the exact ones when they are available.
